Wavelet transform (WT) is typically used to decompose time series data for only one hydrological feature at a time. This study applied WT for simultaneous decomposition of rainfall and runoff time series data. For the calibration data, the decomposed rainfall and runoff time series calibrate the subsystem response function using the least squares (LS) method at each scale. For the validation data, the decomposed rainfall time series are convoluted with the estimated subsystem response function to obtain the estimated runoff at each scale. The estimated runoff at the original scale can be obtained by wavelet reconstruction. The efficacy of the proposed method is evaluated in two case studies of the Feng-Hua Bridge and Wu-Tu watershed. The analytic results confirm that the proposed wavelet-based method slightly outperforms the conventional method of using data only at the original scale. The results also show that the runoff hydrograph estimated by using the proposed method is smoother than that obtained using a single scale.
INTRODUCTION
Because Taiwan is located in the major typhoon track in the western Pacific Ocean, typhoons are an influential weather phenomenon in Taiwan, where short and steep upstream channels characterize all watersheds. Associated heavy rainfall and flooding are one of the disasters that cause the greatest loss to property and life in the area. It is, therefore, essential to study the relationship of the rainfall and runoff processes, and to develop a flood forecasting system to provide protection and warning systems.
Flood forecasting is based on rainfall-runoff relationship modeling. Conventional rainfall-runoff schemes employ a one-dimensional system response function (e.g., the unit hydrograph) to approximate the dynamic behavior of a rainfall-runoff relationship. Developed by Sherman in , the unit hydrograph (UH) plays a critical role in predicting the runoff hydrograph. Although widely available for analyzing and simulating the rainfall-runoff process, most methods and models involve using the original hydrological time series data alone. In practice, studying hydrological time series is difficult because they are controlled and influenced by complex factors (Zhang et al. ) . From a time-frequency perspective, each hydrological time series includes several frequency components (Wang et al. ) . Using the component at only one scale to model a hydrological system makes the internal mechanism difficult to understand (Wang et al. ) . The application of wavelet-based multi-resolution analysis (MRA) (Mallat ) can provide tools for modeling a hydrological system at various scales.
Wavelet analysis is an increasingly important tool for image and signal processing (Rao & Bopardikar ) .
Wavelet analysis has also been used to investigate rainfall- The novel concept in this study is that a redundant WT can be used for simultaneously decomposing effective rainfall and direct runoff time series. The decomposed rainfall and runoff time series can calibrate system and subsystem response functions using the least squares (LS) method at various scales. The validation results were also obtained using the calibrated system and subsystem response functions at various scales.
This study is organized as follows: First, the redundant WT is introduced. Second, this study proposes the method of using the LS to identify the system response function.
The effectiveness of the presented method is then evaluated in two case studies in two small watersheds in Taiwan.
Finally, the results are discussed, and conclusions are drawn.
REDUNDANT WAVELET TRANSFORM
The CWT of a continuous function outputs a continuum of scales. However, the input data are generally sampled discretely, and may be in the form of hydrological time series.
The discrete wavelet transform (DWT) of a vector is the outcome of a linear transformation that yields a new vector with dimensions equal to those of the primeval vector.
This transformation is also known as decomposition, and can be performed efficiently using Mallat's MRA algorithm (Mallat ) .
However, the orthonormal DWT requires that the input data have a number of values with an integer power of two.
The number of scales is naturally limited by log 2 of the number of values in the input. This limitation is inappropriate for a hydrological time series, especially for the short duration of typhoon events that occur in Taiwan.
Holschneider () introduced the 'à trous' wavelet decomposition. The fundamental concept that underlies multi-scale analysis or MRA is the application of a WT to decompose signals into different scales or resolution levels. The signal, which is decomposed into coarse scale, is either called approximation signal or smooth trend. The signal, which is decomposed into fine scale, is called detailed signal. The WT can be a connection among signals at various scales. In contrast, the input data of the à trous WT can take any value, enabling the number of scales to be unlimited. Not only is the à trous WT parsimonious, but the filter outputs can also be interpreted meaningfully (Aussem & Murtagh ) . The calculation of wavelets is performed in a cascaded scheme, and reconstruction formula is used.
The à trous algorithm is a redundant WT. The procedure for decomposing the discrete hydrological time series s(k) is firstly to perform successive convolutions using a discrete low-pass filter c (Aussem & Murtagh ).
where s i denotes the approximation signal at scale i. The finest scale is used to specify the original hydrological time series x(k), i.e., s 0 (k) ¼ x(k). The increase in distances between the sampled points (2 i l) explains the application of 'à trous' to this method (Aussem & Murtagh  
Wavelet coefficients provide the 'detailed' signal, which in practice can capture small but meaningful characteristics in the data. Such a characterization will not lose any information only if the original data vector can be reconstructed from the wavelet components. Moreover, the 'residual' terms s p , which represent the 'background'
data, are added to the wavelet coefficients. The set ℜ ¼ {w 1 , w 2 , . . . , w p , s p } represents the WT of the data, such as wavelet coefficients, up to a scale of p.
Aussem & Murtagh () presented the wavelet expansion of hydrological time series, in terms of the approximation signal and wavelet coefficients.
Other advantages of the à trous WT are as follows 
IDENTIFYING THE SYSTEM RESPONSE FUNCTION
The rainfall-runoff process in a river basin is regarded as a system with a single input-output relationship. The aim of the study of such systems is to model historic data and predict further runoff by determining the input-output relationship from observed input-output data. The system response function describes the relationship between the input and output, and varies with the characteristics of the system or according to the natural law. When linear models are used, the goal is to describe or approximate the system response function.
The hydrological mechanism at each scale is unknown.
Although 
where τ is an integral variable.
Equation (4) can be applied in discrete form (Wei & Wang ):
where L is the memory length of the watershed, I(kÀi þ 1) is the average rainfall at time kÀi þ 1, Q(k) is the runoff at time k, and H(i) is a system response function.
Equation (6) 
where e(k) is the random error term.
Equation (6) can be expressed using matrix equations (Wei & Wang ) :
where N is the total length of the hydrological data, and L is the memory length of a system response function.
The system response function H can be identified using the LS method. The essential principle of LS is to minimize the sum of the squares of the differences between the observed and estimated values. Equation (8) 
The system response function can be derived by minimizing the objective function, such as min{J(H)} (Wei & Wang ):
APPLICATION AND ANALYSIS
Study basin
This study demonstrates the feasibility of applying the wavelet-based method to modeling the rainfall-runoff 
Comparison of model performances
In this study, LS and LS-WT represent the results of the adoption of the LS method without and with WT, respectively. To quantitatively compare the LS with LS-WT, the calibrated and validated results were evaluated based on five types of criteria. This work focuses on the fitness of the estimated results as determined by the comparison with the observed data. The most important criterion is CE.
Coefficient of efficiency, CE
whereq(i) denotes the discharge of the simulated hydro- Error of total volume, EV (%)
whereq(i) denotes the discharge of the simulated hydro- The error of peak discharge, EQ P (%)
whereq P denotes the peak discharge of the simulated hydrograph (m 3 /s), and q P is the peak discharge of the observed hydrograph (m 3 /s). When EQ P is positive, the estimated peak discharge exceeds the observed peak discharge. When EQ P is negative, the estimated peak discharge is smaller than the observed peak discharge.
A better fit is represented by a smaller absolute value of EQ P .
The error of the time for peak to arrive, ET P ET P ¼T P À T P (13) whereT P denotes the time for the simulated hydrograph peak to arrive (hours), and T P represents the time required for the observed hydrograph peak to arrive (hours). When ET P is negative, the estimated peak discharge precedes the observed peak discharge. When ET P is positive, the estimated peak discharge follows the observed peak discharge. A better fit is represented by a smaller absolute value of ET P . fit is represented by a COR that is closer to unity.
Correlation coefficient, COR
COR ¼ P N i¼1 [q(i) À q][q(i) À q] ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi P N i¼1 [q(i) À q] 2 P N i¼1 [q(i) À q] 2 s(14)
RESULTS AND DISCUSSION
In this study, effective rainfall and direct runoff time series data were decomposed using à trous WT to obtain an approximate signal (S3) and detailed signals (W1-W3). In this study, the à trous WT with a wavelet function related to a B 3 spline function was selected because it is of compact support (necessary for a WT) and is point-symmetric. The number of scales was set to three according to previous studies (Chou a, b) . Calibrated typhoon events were connected in series as a single typhoon event to determine the representative average of the subsystem response function at each scale. Figure 2 slightly better in the LS-WT than in the LS. For the EQ P criterion, the value obtained by the LS-WT is slightly worse than that of the LS. Based on the ET P criterion, the value obtained by the LS-WT is identical to that obtained by the LS. The calibration results, as plotted in Figure 3 , show marginal improvement over traditional LS approaches.
However, the runoff hydrograph estimated by the LS-WT is smoother than that obtained using the LS, especially in the recession limb.
The estimated system (S0) and subsystem (W1, W2, W3, and S3) response functions obtained from multiple typhoon events at various scales are plotted in Figure 4 . Durations of the system and subsystem response functions are calculated as the difference between the durations of effective rainfall and direct runoff (Singh ) . The estimated system and subsystem response functions can be used for performance comparisons of the LS and LS-WT.
In addition to providing validation data for the proposed approach, the estimated system and subsystem response functions provide average characteristics of system and subsystems, respectively. Figure 5 shows that the runoff hydrograph estimated by the LS-WT is smoother than that obtained using LS, especially in the recession limb between time indices 38 and 58. Figure 6 shows a drop in the runoff hydrograph estimated by the LS between time indices 34 and 35. However, the runoff hydrograph estimated by the LS-WT is smooth and fits the observed data. Figure 7 shows that the results simulated using the LS produces easily shocked hydrographs, especially in the valley and recession limb, whereas the LS-WT yields smooth hydrographs. These findings show that in wavelet decomposition, the smoothing of detailed signals and the approximation improve with the number of scales. Furthermore, detailed signals, such as W1, W2, and W3, are dominated by noise and contribute little to the overall results. An approximation such as S3 represents the smooth trend of the overall results and yields a smoother hydrograph than when using the LS. Figures 8 and 9 show that the estimated hydrograph obtained from the LS is slightly uneven. In contrast, the estimated hydrograph obtained from the LS-WT is smooth. Figure 10 shows that the runoff hydrographs obtained using the LS-WT fit the observed data more closely than those obtained using the LS between time indices 57 and 66. In addition, a drop exists in the runoff hydrograph estimated by the LS between time indices 77 and 79.
However, the runoff hydrograph estimated by the LS-WT is smooth. As expected, wavelet decomposition smoothes Numerous types of WT exist. In this study, the à trous WT is redundant and can provide the detail signal by wavelet coefficients. Therefore, it captures small features of interpretational value in the data, and is suitable for the modeling of the rainfall-runoff process at each scale. In addition, the proposed wavelet-based method using the multi-scale analysis differs substantially from conventional methods that use data at a single original scale.
